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The stability of the (m21,e2,e2,e1) system is studied as a function of the mass of the m21 particle. The
system is found to be stable for all values of m21,0.68me . At the smallest values of m21 the system evolves
into a m211Ps2 configuration, which is absolutely stable since both fragments are electrically charged. This
suggests that a positron can be expected to bind to all the group II and IIB atoms with the possible exception
of mercury.
DOI: 10.1103/PhysRevA.66.010501 PACS number~s!: 36.10.2k, 31.10.1zThe stability conditions of various three- and four-particle
systems for constituents with different masses @1–3# is a
topic of some interest and importance. For example, the sta-
bility of the negatively charged hydrogen ion was first estab-
lished by explicit calculation @4,5#.
Another area where such studies can shed light is in de-
termining whether positrons can be bound to neutral atoms.
Computational investigations have shown that the
(p ,e2,m1) system was only stable when the m1 mass ex-
ceeds 2.20me (me is the mass of the electron! @6–9# and
therefore a positron cannot form an electronically stable
bound state with atomic hydrogen. While most of these in-
vestigations were done under the assumption of an infinite
proton mass, the relaxation of this restriction and usage of
the actual proton mass is hardly likely to change the conclu-
sion @1#.
More recently it was shown that the (m1,e2,e1) system
@10# gave a good qualitative description of systems such as
e1Li @11#, e1Na @11#, and e1Cu @12#, which consist of a
positron bound to a one-electron atom. The (m1,e2,e1)
system was stable for 0.697 78<m1/me<1.6343 @10#. These
mass limits are equivalent to energy values of the (m1,e2)
subsystem satisfying 0.205 498<E(m1,e2)<0.310 196 ~en-
ergies in hartree!, which roughly correspond to the ionization
potentials of the one-electron atoms that are known to bind a
positron @13,14#. For example, e1Li, e1Na, e1Cu, and
e1Ag with ionization potentials between 0.18 and 0.28 har-
tree all bind a positron @11,12,15,16#. However, attempts to
establish positron binding to potassium and gold were not
successful @11,16,17#. Potassium has a smaller ionization po-
tential ~0.16 hartree! than Li or Na, and gold has a larger
ionization potential ~0.34 hartree! than Cu or Ag. Further, it
has been shown that the binding energy, E(m1,e2), of the
(m1,e2) parent has a large impact on determining the
(m1,e2,e1) structure, just like the parent atom ionization
potential largely determines the structures of one-electron
positronic atoms @13,14#.
In this work, the stability conditions of the
(m21,e2,e2,e1) system as a function of the m21 mass are
determined. The system can be regarded as an analog of the
e1A system where A corresponds to a group II or IIB atom.
The system is found to be stable for all m21,0.68me . This
strongly suggests that positrons will bind to all alkaline-earth
atoms irrespective of the parent atom ionization energy. This1050-2947/2002/66~1!/010501~3!/$20.00 66 0105behavior is quite different from the behavior of the
(m1,e2,e1) system, which is unstable for m1
,0.697 78me .
The calculations reported in this work have been done
using the stochastic variational method ~SVM!. The SVM
has been described in a number of papers @11,18,19# and
only the briefest description is given here. The SVM expands
the wave function in a linear combination explicitly corre-
lated Gaussians ~ECGs!. Such basis functions have Hamil-
tonian matrix elements that can be computed very quickly,
and the energy is optimized by performing a stochastic
search over the exponential parameters that define the basis.
The SVM has been used to solve a number of many-body
problems in different areas of physics @11,19#.
For the present set of calculations a basis containing 400
ECGs was used. A basis of this size can predict the total
energy of the (m21,2e2,e1) system to an accuracy of about
1025 hartree. The system has three different dissociation
thresholds depending on the mass of the m21 particle and
they are listed in Table I. The (m21,2e2) ionization poten-
tial at 0.2907me is 0.25 hartree ~i.e., the Ps binding energy!.
The energies of the (m21,2e2) parent atom as computed
using an ECG basis of dimension 100 are accurate to 1026
hartree.
The binding energy of the (m21,2e2,e1) system with
respect to the lowest-energy dissociation channel is plotted
as a function of m21/me in Fig. 1. It is clear that the system
is bound for all values of m21,0.68me @the ionization en-
ergy of the (m21,2e2) parent was about 0.40 hartree#. The
upper limit for binding can be understood in terms of the
polarizability of the (m21,2e2) parent. The dynamical
mechanism responsible for binding in this mass range is the
polarization potential between the (m21,2e2) system and
the positron. When m215‘ the system is effectively a he-
lium atom with a polarizability of 1.383a0
3 @20#. As m21
decreases, the ionization energy ~I! and consequently the po-
larizability of the (m21,2e2) system increases until the criti-
cal threshold for positron binding is achieved at m21
’0.68me (I’0.397 hartree!.
As m21 decreases from 0.68me , the binding energy first
increases until it reaches a maximum at Xm5m21/me
50.2907. The rapid decrease in the binding energy as m21
decreases further is simply a manifestation of the different©2002 The American Physical Society01-1
RAPID COMMUNICATIONS
J. MITROY PHYSICAL REVIEW A 66, 010501~R! ~2002!energy threshold for binding when Xm,0.2907 ~note the
(m1,e2,e1) system exhibits a similar feature when m1
5me @10,13#!. One striking feature of the curve is the pla-
teau between 0.006,Xm,0.10, where the binding energy is
just larger than the binding energy of the Ps2 ion. For these
mass values, the mean distances of the electrons and positron
from the m21 particle are greater than 7a0. At such dis-
tances, a Ps atom can attach itself to the electron without
undergoing too much distortion and hence the binding en-
ergy of the system is close to the binding energy of an elec-
tron to Ps. The spare electron can almost be regarded as the
glue that binds the Ps atom to the m21 particle.
At the smallest values of m21 the system can be well
described as a (Ps2,m21) system. Replacing the Ps2 particle
with a negative point charge of mass 3me @and internal en-
ergy equal to E(Ps2)#, the binding energy of the m21 and
Ps2 point-particle system can be written as
«’2
3mem21
3me1m21
; Xm,0.006 039, ~1!
«’2
3mem21
3me1m21
10.012 005 072
2mem21
me1m
21 ;
Xm.0.006 039. ~2!
The binding energies determined from Eqs. ~1! and ~2! are
shown in Fig. 1 and agree with the SVM binding energy to
better than 5% accuracy for all Xm,0.02 and are accurate to
better than 1% for Xm,0.006.
Also shown in Fig. 1 are some discrete points showing the
best estimates of the binding energies of the e1Be @21#,
e1Mg @21#, e1Ca @22#, e1Sr @22#, e1Zn @23#, and e1Cd
@23# systems. The ‘‘effective mass’’ for plotting was defined
by equating the atomic ionization energy to the (m21,2e2)
system with the same ionization potential. All the systems
have binding energies smaller than indicated by the equiva-
lent (m21,2e2,e1) model. Such differences are expected
since the core potentials of the physical atoms deviate con-
siderably from a pure Coulomb interaction. However, the
tendency for the binding energy to peak as the parent atom
ionization energy approaches 0.250 hartree is reproduced.
The differences in the ability of the two-electron
(m21,2e2) and one-electron (m1,e2) systems to bind a
TABLE I. The (m21,2e2,e1) system dissociation limits and
energies for different ranges of the m21/me mass ratio.
Dissociation Threshold Xm5m21/me
products energy mass limits
(m21,2e2) 1 e1 E(m21,2e2) Xm.0.2907
(m21,e2)1Ps 22mem
21
me1m
21 20.25 0.006039,Xm,0.2907
m211Ps2 20.26200507 Xm,0.00603901050positron warrants some explanation. There are two comple-
mentary ways to explain the difference. In the first case, one
notes that (m21,2e2,e1) will evolve into m211Ps2 as
m21→0. The Ps2 cluster and m21 particle can always be
expected to bind to each other because of the attractive Cou-
lomb force between them. With binding established for
m21→0, and for an intermediate Xm of 0.68, one can assert
the system will be bound for all values of m21 between these
two limits ~there is no known example of a Coulomb few-
body system that has a zone of instability between two zones
of stability!.
The second explanation is more conceptual. As the mass
of the m21 particle decreases, the strength of its interaction
with the two electrons also decreases. When the two elec-
trons are bound more loosely to the m21 charge, their ability
to screen the positron from the m21 charge increases and so
the electrons and the positron can be expected to coalesce
into something resembling Ps2 that will stay attached to the
m21 charge.
The ability of a positron to bind to all (m21,2e2) sys-
tems with an ionization potential less than 0.40 hartree has
important consequences for the attachment of positrons to
two-electron atoms. First, it implies positron binding to
group II and IIB atoms provided the ionization potential is
sufficiently small. The critical ionization potential for bind-
ing to a real atom would seem to be somewhere in the vicin-
ity of 0.35 hartree as explicit calculations have already dem-
onstrated positron binding to Be, Zn, and Cd @11,21,23#
which have comparable ionization potentials. Unfortunately,
the question of the stability of e1Hg ~Hg has an ionization
potential of 0.384 hartree! cannot be answered by the present
calculation. However, the present results can be used to rea-
sonably infer the existence of positron binding to barium and
radium ~both with ionization potentials of about 0.19 hartree!
FIG. 1. The solid curve shows the binding energy of the
(m21,2e2,e1) system as a function of the m21/me ratio. The en-
ergies of the e1Be, e1Mg, e1Ca, e1Sr, e1Zn, and e1Cd systems
plotted for the equivalent mass are shown as the diamonds. The
transitions between the regions with different dissociation thresh-
olds occur at the discontinuities in the slope. The dashed line gives
the binding energy for the m211Ps2 particle model as defined by
Eqs. ~1! and ~2!. This is practically indistinguishable from the bind-
ing energy of the explicit calculation for Xm,0.02.1-2
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any explicit calculations. It is also likely that e1Ba and
e1Ra would have reasonably large binding energies with 0.2
eV serving as a reasonable initial estimate
The present results also have implications for the exis-
tence of resonances in the positron impact spectra of atoms.
Feshbach resonances corresponding to the doubly excited
(ns*)2e1 configuration should be present in the positron im-
pact spectra of the group II and IIB atoms. Although it is
uncertain whether these resonances would be detectable with
existing technology, the theoretical prediction of such reso-
nances is significant since experimental searches for Fesh-01050bach resonances associated with excited states of the target
atom have so far been unsuccessful @24#.
Finally, it is worth noting that the (m31,2e2,e1) system
is also expected to be stable over a narrow mass range. For
sufficiently small m31 the lowest-energy dissociation limit is
into m311Ps2; but these two fragments will bind because of
the attractive Coulomb interaction between them. So the pos-
sibility exists that a positron could form a short-lived reso-
nant state with a doubly excited state of a positive ion.
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